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RATIONAL POINTS AND GALOIS POINTS FOR A PLANE
CURVE OVER A FINITE FIELD
SATORU FUKASAWA
Abstract. We study the relationship between rational points and Galois points
for a plane curve over a finite field. It is known that the set of Galois points
coincides with that of rational points of the projective plane if the curve is the
Hermitian, Klein quartic or Ballico-Hefez curves. We propose a problem: Does
the converse hold true? When the curve of genus zero or one has a rational point,
we will have an affirmative answer.
1. Introduction
We study the relationship between rational points and Galois points for a plane
curve over a finite field.
We recall the definition of Galois point, which was given by H. Yoshihara in 1996
([10, 13]). Let C ⊂ P2 be an irreducible plane curve of degree d ≥ 4 over an
algebraically closed field K of characteristic p ≥ 0 and let K(C) be its function
field. A point P ∈ P2 is said to be Galois for C, if the function field extension
K(C)/π∗PK(P
1) induced by the projection πP : C 99K P
1 from P is Galois. We
denote by ∆(C) the set of all Galois points on the projective plane.
Let C be a plane curve over a finite field Fq0 which is irreducible over the algebraic
closure Fq0. We consider Galois points over Fq0. Fukasawa and Hasegawa [3, 6]
showed that ♯∆(C) <∞ except for certain explicit examples. Therefore, we assume
that ♯∆(C) <∞ here. Then,
∆(C) ⊂ P2(Fq); for infinitely many q ≥ q0.
When does ∆(C) = P2(Fq) hold? Summarizing the results of Homma [9] and Fuka-
sawa [2, 5], we have the following very interesting theorem.
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Fact 1 (Homma, Fukasawa). (1) For the Hermitian curve H√q+1:
X
√
qZ +XZ
√
q − Y
√
q+1 = 0,
∆(H√q+1) = P
2(Fq).
(2) For the Klein quartic curve K4:
(X2 +XZ)2 + (X2 +XZ)(Y 2 + Y Z) + (Y 2 + Y Z)2 + Z4 = 0
in p = 2, ∆(K4) = P
2(F2).
(3) For the Ballico-Hefez curve Bq+1, which is the image of the morphism
P
1 → P2; (s : t) 7→ (sq+1 : (s+ t)q+1 : tq+1),
∆(Bq+1) = P
2(Fq).
We propose the following problem:
Problem 1. Let C be a plane curve over Fq. Assume that ∆(C) = P
2(Fq). Then,
is it true that C is projectively equivalent to the Hermitian, Klein quartic or Ballico-
Hefez curve?
When C is smooth, it is already known that the answer is affirmative ([4]).
Therefore, we consider singular curves. Let Csm be the smooth locus of C. When
Csm(Fq) 6= ∅ and the geometric genus of C is zero or one, we have an affirmative
answer, as follows.
Theorem 1. Assume that the geometric genus of C is zero or one. Then, Csm(Fq) 6=
∅ and ∆(C) = P2(Fq) if and only if C is projectively equivalent to the Ballico-Hefez
curve Bq+1 (over Fq).
See [1, 7] for other properties of the Ballico-Hefez curves.
2. Preliminaries
Let Fq be a finite field, let p be the characteristic, and let C be a plane curve of
degree d ≥ 4 defined over Fq which is irreducible over the algebraic closure Fq. We
denote by π : Cˆ → C the normalization. We can take Cˆ and π which are defined
over Fq.
Let (X : Y : Z) be a system of homogeneous coordinates of the projective plane
P
2. We denote by S(Fq) the set of all Fq-points of a subset S ⊂ P
2. For distinct
points P,R, PR means the line passing through them. If P ∈ Csm, TPC ⊂ P
2
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is the (projective) tangent line at P . For a projective line ℓ ⊂ P2 and a point
P ∈ C ∩ ℓ, IP (C, ℓ) means the intersection multiplicity of C and ℓ at P . If Pˆ ∈ Cˆ
is a non-singular branch, i.e. there exists a line defined by h = 0 with ordPˆπ
∗h = 1,
then there exists a unique tangent line at P = π(Pˆ ) defined by hPˆ = 0 such that
ordPˆπ
∗hPˆ ≥ 2. Let πP : C 99K P
1;R 7→ PR be the projection from a point P ∈ P2.
We write πˆP = πP ◦ π. We denote by eRˆ the ramification index of πˆP at Rˆ ∈ Cˆ.
If R = π(Rˆ) ∈ Csm, then we denote eRˆ also by eR. It is not difficult to check the
following.
Fact 2. Let P ∈ P2 and let Rˆ ∈ Cˆ with π(Rˆ) = R 6= P . Then for πˆP we have the
following.
(1) If P ∈ Csm, then eP = IP (C, TPC)− 1.
(2) If h is a linear polynomial defining RP , then eRˆ = ordRˆπ
∗h. In particular,
if R is smooth, then eR = IR(C, PR).
For a Galois covering θ : C → C ′ between smooth curves, the following fact is
useful (see [12, III. 7.1, 7.2 and 8.2]).
Fact 3. Let θ : C → C ′ be a Galois covering with Galois group G. We denote by
G(P ) the stabilizer subgroup of P ∈ C. Then, we have the following.
(1) If θ(P ) = θ(Q), then eP = eQ.
(2) The order |G(P )| of G(P ) is equal to eP for each point P ∈ C.
We mention properties of Galois covering between rational curves. The following
fact is a corollary of the classification of finite subgroups of PGL(2, K) (see, for
example, [8, Theorem 11.91]).
Fact 4. Let θ : P1 → P1 be a Galois covering of degree d ≥ 3 and let d = qℓ, where
q is a power of p and ℓ is not divisible by p. Then we have the following.
(1) If q = 1 and θ is ramified at P with eP = d, then there exist a unique
ramification point Q 6= P with eQ = d.
(2) If q > 1, ℓ ≥ 2 and θ is ramified at P with eP = d, then ℓ divides q − 1 and
there exists a point Q 6= P such that eQ = ℓ.
3. Proof
Throughout in this section, we assume that ∆(C) = P2(Fq).
Lemma 1. If P ∈ Csm(Fq), then IP (C, TPC) = d
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Proof. Since P is Fq-rational, the tangent line TPC is defined over Fq. Assume
that TPC ∩ C \ {P} 6= ∅. Let Q be such a point and let Qˆ ∈ Cˆ with π(Qˆ) = Q.
There exists a point P ′ ∈ TPC(Fq) \ {P,Q}, since ♯TPC(Fq) ≥ 3. Let h be a
linear polynomial defining TPC around Q. Considering the projection πˆP , by Facts
2 and 3(1), ordQˆπ
∗h = IP (C, TPC) − 1. Considering πˆP ′, by Facts 2(2) and 3(1),
we also have ordQˆπ
∗h = IP (C, TPC). This is a contradiction. Therefore, we have
C ∩ TPC = {P}. 
Lemma 2. Assume that Csm(Fq) 6= ∅. If Q ∈ C(Fq), then ♯π
−1(Q) = m(Q), where
m(Q) is the multiplicity at Q.
Proof. Let P ∈ Csm(Fq). Then, the line PQ is Fq-rational. By Lemma 1, IP (C, PQ) =
1. There exists an Fq-point P
′ such that P ′ ∈ PQ \ {P,Q}. For the projection from
P ′, by Facts 2(2) and 3(1), each point in π−1(Q) is not a ramification point. There-
fore, we have the conclusion. 
Lemma 3. If Csm(Fq) 6= ∅, then Cˆ is not elliptic.
Proof. Assume by contradiction that E = Cˆ is elliptic. Let P ∈ Csm(Fq). Then, by
Lemma 1, there are two points P ′, P ′′ ∈ (TPC∩ (P
2 \C))(Fq). By Facts 2 and 3, any
automorphism of E given by the Galois groups at P, P ′, P ′′ fixes the point P . It is
known that the order of the automorphism group Aut(E, P ) of an elliptic curve E
fixing a point P divides 24, and the order is 24 (resp. 12) only if p = 2 (resp. p = 3)
(see [11, III, Theorem 10.1]). Since the orders of Galois groups at points P, P ′ are
d− 1, d respectively, d(d− 1) divides 24. Then, we have d = 4 and p = 2 or 3.
Let GP ′, GP ′′ be the Galois groups at P
′, P ′′ respectively. According to [3, Lemma
7], GP ′ ∩ GP ′′ = {1}. Then, |Aut(E, P )| ≥ 4 × 4 = 16. Since |Aut(E, P )| ≤ 12
if p = 3, we have p = 2 and |Aut(E, P )| = 24. Furthermore, GP ′ and GP ′′ are
contained in different Sylow 2-groups of Aut(E, P ) (whose order is eight). This is
a contradiction to the fact that a Sylow 2-group is unique, since it is known that a
Sylow 2-group of Aut(E, P ) is a normal subgroup ([11, Exercise A.1.(b)]). 
Hereafter, we assume that Cˆ = P1 and Csm(Fq) 6= ∅.
Lemma 4. The characteristic p does not divide d.
Proof. Let P ∈ Csm(Fq). Then, the tangent line TPC is Fq-rational. Assume that p
divides d. Then d−1 is not divisible by p. By Lemma 1, Facts 2(1) and 4(1), for πˆP ,
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there exists a point Qˆ ∈ Cˆ such that the ramification index at Qˆ is equal to d−1. For
a suitable system of coordinates, we may assume that TPC is given by X = 0 and
P = (0 : 0 : 1). We denote by π = (f(s, t) : g(s, t) : h(s, t)), where f, g, h ∈ Fq[s, t]
are homogeneous polynomials of degree d. Since C∩{X = 0} = {P}, f(s, 1) = 0 has
a unique solution s = α ∈ Fq. Therefore, f(s, 1) = a(s−α)
d for some a ∈ Fq. For a
suitable system of coordinates, we can take f(s, 1) = sd. The projection πˆP is given
by (1 : g(1, t)). Since g′(1, t) = 0 has a unique solution t = β ∈ Fq corresponding to
Qˆ, g′(1, t) = b(t−β)d−2 for some b ∈ Fq \ {0}. Since g
′ ∈ Fq[t], β
q = β and hence, Qˆ
is Fq-rational. Then, Q = π(Qˆ) is Galois and π
−1(C ∩ PQ) = {P, Qˆ}. By Lemma
2, 1 = ♯π−1(Q) = m(Q) and hence, Q ∈ Csm. For πˆQ, eP = 1 and eQˆ = d− 2. This
is a contradiction to Fact 3(1). 
Lemma 5. We have π(P1(Fq)) ⊂ Csm(Fq).
Proof. Let Pˆ1, Pˆ2 ∈ P
2(Fq) and π(Pˆ1) ∈ Csm. By Lemma 2, Pˆ2 is a non-singular
branch and we can define the tangent line TPˆiC for i = 1, 2. Then the intersection
point Q given by TPˆ1C ∩ TPˆ2C is Fq-rational. Since Pˆ1 is a total ramification point
for the Galois covering πˆQ and p does not divide d by Lemma 4, Pˆ2 must be also
a total ramification point due to Fact 4(1). We have 1 = ♯π−1(π(Pˆ2)) = m(π(Pˆ2)).
Hence, π(Pˆ2) is smooth. 
Lemma 6. There exist P1, P2, P3 ∈ Csm(Fq) and Q1, Q2, Q3 ∈ (P
2\C)(Fq) such that
points Q1, Q2, Q3 are not collinear and TPiC = QjQk for each i, j, k with {i, j, k} =
{1, 2, 3}.
Proof. By Lemma 5, ♯Csm(Fq) ≥ q + 1 ≥ 3. We take three distinct points P1, P2, P3
and intersection points Qi given by TPjC∩TPk for {i, j, k} = {1, 2, 3}. By considering
the sum of the ramification indices of the Galois coverings P1 → P1 with two total
ramification points, Qi 6= Qj if i 6= j. We have TPiC = QjQk for each {i, j, k} =
{1, 2, 3} and Q1, Q2, Q3 are not collinear. 
Proof of Theorem. By Lemma 6, for a suitable system of coordinates, we may as-
sume that TP1C, TP2C, TP3C are defined by X = 0, Y = 0, Z = 0 respectively. We
denote by π = (f(s, t) : g(s, t) : h(s, t)), where f, g, h ∈ Fq[s, t] are homogeneous
polynomials of degree d. Since C ∩ {X = 0} = {P1}, f(s, 1) = 0 has a unique
solution s = α ∈ Fq. Therefore, f(s, 1) = a(s− α)
d for some a ∈ Fq. For a suitable
system of coordinates, we can take f(s, 1) = sd. Similarly, we can take h(1, t) = td
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and g(1, t) = (1 + t)d. Therefore, π is represented by
(s : t) 7→ (sd : (s+ t)d : td).
Now P3 = π(1 : 0) = (1 : 1 : 0). We consider the projection πP3 . Since πP3 is
represented by (Y −X : Z), we have
πˆP3(s : 1) = ((s+ 1)
d − sd : 1).
Let f(s) = (s+1)d−sd. Assume that p does not divide d−1. By Lemma 1, Facts 2(1)
and 4(1), πP3 has exactly two total ramification points and f
′(s) = 0 has a unique
solution. However, f ′(s) = d(s+1)d−1−dsd−1 = 0 implies ((1+s)/s)d−1 = 1. Then,
we have d− 2 solutions. This is a contradiction. Therefore, d− 1 is divisible by p.
Let d−1 = q′ℓ, where q′ is a power of p and ℓ is not divisible by p. Then, ℓ divides
q′ − 1 by Fact 4(2). Since the rank of the matrix(
1 (t+ 1)d td
0 d(t+ 1)d−1 dtd−1
)
∼
(
1 (t+ 1)d−1 0
0 (t+ 1)d−1 td−1
)
is always two, for each point Pˆ ∈ Cˆ, we can define the tangent line TPˆC which is
given by
hPˆ (X, Y, Z) := t
d−1(t+ 1)d−1X − td−1Y + (t + 1)d−1Z = 0.
Let Pˆ = (1 : t0) and let u = t− t0. Since
(1 + t)d = ((1 + t0) + u)
q′ℓ((1 + t0) + u)
= ((1 + t0)
q′ + uq
′
)ℓ((1 + t0) + u)
= (1 + t0)
d + (1 + t0)
d−1u+ (sum of terms of deg. ≥ q′ on u)
and
td = td0 + t
d−1
0 u+ (sum of terms of deg. ≥ q
′ on u),
we have
π∗hPˆ (1, y, z) = (sum of terms of deg. ≥ q
′ on u).
Therefore, ordPˆπ
∗hPˆ ≥ q
′ for each point Pˆ ∈ Cˆ, where hPˆ is a linear polyno-
mial defining TPˆC. If ℓ ≥ 2, by Fact 4(2), there exists a point Qˆ ∈ Cˆ such that
ordQˆπ
∗hQˆ = ℓ. Then, we have q
′ > ℓ ≥ q′. This is a contradiction. We have ℓ = 1
and q′ = d− 1. By Fact 1(3), q′ = q.
The if-part is nothing but Fact 1(3). 
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